&5 COLUMBIA | ENGINEERING A Hybrid Framework of

# Vv [he Fu Foundation School of Engineering and Applied Science

Introduction

How to model autonomous vehicle (AV)

Reinforcement Learning and Physics-Informed Deep Learning
for Spatiotemporal Mean Field Games

Mean Field Game (MFG)
Mean field limit (N — o0)

Xu Chen, Shuo Liu, Sharon Di

Columbia University

Algorithm [

Algorithm 1 MFG-RL-PIDL

Numerical Results

Convergence

¥ (t) X (t) P (.X' t) 1: Initialization: Population network p-Net: pyo) (s); Actor net-
. [ I BN ) . , ®@a ®
control strategy and traffic flow? 1 a N | work u-Net: u_ (o) (s) and critic network V-Net: V, 0 (s). >  MEG-Nonseparable
positions density 2. fori « 0toI do P
Assumptions: ) 3 Sample a batch of states s from state space X X 7; PIDL RL+PIDL
P v (O, vy u(et) —— . .
o , 4 for each state s; in s do RL - the representative agent o — 0.10. g
»  AVs observe global traffic information speeds velocity . Select u according u, ) (s7): el e Bo T
»  AVs plan velocity controls by anticipating S 6: Obtain p according py) (sp); 2 0.06] | SO
others’ behaviors in a time horizon Optimal cost: TIATZES 7 fJxZC:te " atmd e oo 1
) | ] 8 pdate state s; — s,; s 0.02} | N N
- : : . : T ; . | e, 0.00
»  AVs utilize their predefined driving costs in Vil = it / £ (w(s), p(z(s), 5)) ds + Vi (=(T)| | 9 d()fbtam value function: V, () (s), V; ) (s”). oo e s a0 a0 o 40 500
a hon-cooperative wa - : 9 engror 101 |
P Y st 2ls)= vuls), =z)=mn; 11: Calculate the advantage (Equation 15); Z(l): l‘ - 0] 2(1): : - 0
12: Store the actor network u_ () (s) into buffer. —FP 0.06] | el \ e
) 13: Compute @# (Equation 13); 2 004l
[ B , 14 .
.ﬁlreact to @ ) O ) vy = argmin J1(v4,v3,v3,7}) —_— MFG SyStem 14: Obtam MSEO (Equation 11), —PIDL - Population 0.02.
g according to what 15: Obtain residual (Equation 14 and 16); 000 I — | | | | | |
-%Ireactto -@5 ) v, = argmin]3(vy, v, v3,v}) all carsdy (CE) pt + (pu)a: =5 O, 16: Upzié;te Z—Net, u(-I;Iet and V-Net and obtain pe(,-+1)(3), 0 50 100 iterla?ci%ns 200 250 300 0 100 2?toeratiogsoo 400 500
| 3 - u, i+ (s) an Vn(i+l) $):
(m » -@:g - [I\IFG] (HJB) V’ + f (V-"” /)) o O’ 17: Check convergence (Equation 17). > MFG-Se pa rable
o @ o u= fy(Va, p). By R PIDL RLPIDL
@ o v . p ’p c)_0.10- : —— Jul = yli-D) c)_0.10- - Jul = yli-D)
©,0.081 | — 1p"=p"""1 | 8 0.08 — 1" =p" Y]
Hamilton-Jacobi-Bellman Equation Continuity Equation = § 0.06] | § 0.06
Numerical Results S oo ‘ S oo
£ 0.02- £ 0.02- h I
COntribUtiOnS: > MFG-NonseparabIe MFE o 0 ";5 “5'0 75 100 125 150 175 200 o 0 100 zc')ok 300 400 500
iterations iterations
2
) . o 1 " T up 0.101—7 — 0.10 —
» Model AVs non-cooperative driving Fitonsion (8, 0) = = ( ) I » MFG-Nonseparable oos] | - W -
behaviors by mean field game 2\ Umax Umax,  UmaxPjam Coos |
. S N— p— W"’ N po— 8004 ,
» Solve MFG and quantify equilibrium kinetic energy  efficiency safety 0.4 NN
000] = 0o—T—————T=o====—ae.
COntrOI performance > MFG-SeparabIe ~ 0.3- 0 25 50 75 100 125 150 175 200 0 100 200 300 400 500
iterations iterations
1 u \° 7 7,
0.2
- - SNer ,ll; ) —_ = - 1 -
N-car Differential Game fsep(u, p) 9 (umax) Umax | Piam »  MFG-LWR
N, e N PIDL RL+PIDL
. kinetic energy efficiency  gafety 0.10{ | U -yl 0.10; gl
> dynamIC 2 : . §0.08- : — :p(’)—P("l’: §0.08- — :P"’—P""l’:
. . > MFG-LWR i S 0.06] | S 0,06
J’z(t) — vi(t)a 113.,;(0) — L4,0, 1= 1: 23 AR Na > MFG Separable %0.04- E :iJ'J’o.cm-
|\ o [ P | 1« | W
pOSIl‘IOh Speed 0.4\\ . 0 25 50 75 100 125 150 175 200 0 100 200 300 400 500
‘ P iterations iterations
. . Q. 0.3 | | 0.10 0.10
» driving cost . - e | S
R — |p" = p" ' — 1o =p"
T 0-12 . v 0.6, '|\ 006,
Jif\.r(,u,i’ fu_,l-) — fiN (’Uz'(t), IL‘.,;(t), g;_,l-(t)) dt + VT (th(T))1 3 M1 S 0.04 \\\ S 0.04
0 S—— —— 1% ' ' 02{  NT=o__ 021\ S
cost function terminal cost : T 00 ¢ Zzz_ ——————————————— 22(2)_ el E
N — —— ~ . .
running cost :z 0 25 50 75 100 125 150 175 200 0 100 200 300 400 500
” 5 iterations iterations
> admissible set s s
& » Exploitability
A= {u(): 0L U(E) £ Usas, VEE |0, T} Bl PIDL RL+PIDL
........ j 0.0004 ey 0.000 ,\"”N.\A,’
- . > _ H > _0. ,r k l’\""\‘."" ‘\Il v Nonreavavver
» Nash equilibrium 2-0001) 2000 b & '
g —0.0021 I g —0.0027 |
) - olicy gradien :-/i.c;van age - V,u,(s) | § value gradient: TD error - V,V,(s) ;4— %‘O‘OO} E LWR % -0.003 E LWR
']'iN (’U;, vii) S ']'iN (Ui& vtz’)a V'Ui ~ Aa L= ]-9 RO N. sl A L - ~0.004 i . Zizasrzsgerable o i - Ziiaisﬁabm
~0.005 =550 10600 15000 20000 25000 30000 00> 0 10000 20000 30000 40000 50000
steps steps

Fictitious Play Buffer: u 1) (x, t),u @ (x,t),..., u @ (x,t)




